We have obtained a class of solitary wave solutions to novel exactly integrable nonlinear wave equations. Conservation laws can be identified and velocities of propagation predicted. We propose to test our predictions in the optical domain with two-color experiments.
PACS numbers: 03.40. Kf, 42.50.Rh, 42.81.Dp, 52.35.Mw The propagation of shape-preserving excitations as solutions of nonlinear wave equations is an important subject for a variety of fields of physics, including hydrodynamics [1] , particle physics [2] , coherent atomic transients [3] , plasma physics [4] , and optical communications [5] . The balance between nonlinearity and dispersion in nonlinear wave equations is usually so critical for the shape-preserving character of their solutions that only a limited set of discrete solution functions is available, and these are usually restricted to combinations of hyperbolic secants. However, we derive here a pair of nonlinear wave equations that have the unusual property that, as a coupled pair, the need for this critical balance is greatly reduced. We show that they have exact solutions that, for all practical purposes, are arbitrary functions. We also give numerical evidence supporting our predictions and identify experimental parameters that appear to permit a two-color optical test of this theory.
Without concern for a specific physical context at the onset, let us begin by writing generic equations for two "fields" interacting with a "medium" in which they propagate. The field amplitudes are denoted V, and Vb, which depend on laboratory coordinates z and t, and the medium response is determined by two nonlinear functions f(V, ) and h(Vb). In terms of pulse-localized coordinates f = z and 7 = tz/c the wave operator a/az + a/act becomes simply 8/8$ and we have BV,/Bg = igf(V, ), (1) and (2), and we have studied them in both transient and shape-preserving domains, finding a number of remarkable solitary wave phenomena. In this Letter we will show that the coupled equations (1) and (2) can be solved without dynamical truncation, i.e. , without introducing an approximate nonlinear susceptibility and without relaxation to a steady state.
Let us quickly point out some familiar results if only one wave is present, say V"but the dynamical coupling to g is retained. For example, when the single pulse under consideration is slowly changing and weak (V, « y), the overdamped solution for g is given by ig = ( It follows from (1) and (2) (1) and (2) have to be solved consistently as a boundary and initial value problem which, in general, requires a numerical approach. However, we have found analytic solutions under certain conditions. Because an adiabatic assumption is key to the solutions, we use the term "adiabaton" to describe these pulse s. We first present the result of a computer simulation. In Fig. 1(a) we show the temporal profile of the two injected pulses at the entry surface of the medium at g = 0: a Gaussian-shaped pulse V, (0, 7) = A exp[ -(r/ro)2] and the second pulse with a smooth turn-on and then a constant amplitude Vb(0, r) = B (for simplicity). In Figs. 1(b) -1(d) we display temporal snapshots of both pulse s after various propagation distances g. These solutions were obtained by integrating the five coupled nonlinear partial differential equations (1) and (2) on a space-time grid. We used an iterative predictor-corrector scheme to control the convergence in each space-time propagation step. (1) and (2) The two pulses initially undergo significant reshaping. The field V, broadens and its amplitude decreases. At the same time Vb develops a dip and a bump [ Fig. 1(b) ]. When the pulses have propagated further (b~3 .5Z, ) a stable adiabaton pair has been formed [Figs. 1(c) and 1(d) ]. The adiabaton pair (consisting of the dip in Vb and the broadened pulse V, ) travels loss-free distances, which exceed Z, by orders of magnitude without further change of its shape at a reduced speed.
There are now two theoretical tasksto predict the nature of this nonlinear shape-preserving two-pulse excitation and to describe the physics of the transients before the fixed pulse shapes are established. Actually, Figs. 1(b)l(d) already establish that a proper theory of adiabatons can be given, because the same figures also show the analytic solutions we have found, superimposed on the numerical solutions. The theory makes predictions so close to the numerical solutions that the graphs are practically indistinguishable. Now we will present the theory and its predictions.
We have found the theory to be tractable under two interesting conditions: First, the fields can be nearly arbitrary as long as they permit the following two-pulse adiabaticity relation to be satisfied:
where V denotes the total pulse energy density, V2 =-V2 + Vb. Note that it is easy to satisfy (3) by making either or both of the pulse amplitudes large. Second, the input pulses should be injected in counterintuitive order [8, 9] , and this mandates that pulse Vb acting on the initially "empty" variables g and h is turned on before pulse V"e. g., as shown in Fig. 1(a) . Under these two conditions the response of the medium can be very well approximated by the solutions i 8 Vb i 8 V,
Given (4), the vector 0"(g, 7) = [f,g, h] is one of the three adiabatic eigenvectors of (2) [10]. Because of the counterintuitive pulse turn-on it is the only eigenvector smoothly connected to the initial vector qi'(p, r =co) = [1, 0, 0] . Note that the atomic solutions (4) allow for a significant dynamical rearrangement of atomic level populations.
By inserting solution (4) into the field equations (1) the inverse function of Z. We point out that because of the nontrivial dependence of Z on 7 due to the initial pulse shapes, neither of the fields necessarily propagates with invariant shape even though their individual energies F. , and Fb are conserved.
There are important special cases, such as the one adopted for our numerical example, which allow for a propagation into shape-invariant (adiabaton) pulses.
These cases occur if the input fields V, (0, r) and Vb (0, 7) are chosen such that V is constant after a certain time T.
Then, for r~T the integral Z(7) can be solved: Z(r) = B r + a, where B is the long-time amplitude of Vb (as in our numerical example) and the constant a is determined by the early pulse forms before T. The time T corresponds to a characteristic propagation distance of Z(T) = j "dr'V (O, r') = Z, + f "d7'Vb(0, ') after which the pulse reshaping is completed. This length is required for the initial pulse V, (0, r) to evolve into its shape-preserving adiabaton:
for7~T. (7) The adiabaton propagates with a laboratory-frame velocity u given by 1/u = 1/c + p, /B2, which may be much smaller than the vacuum speed of light.
In contrast to usual types of steady states which do not depend on initial conditions, adiabatons are specified by the input pulse forms. Different input pulses evolve into different adiabatons as described by Eq. (7) . This novel feature is illustrated in Fig. 2 . The input field V, is a sequence of three distinct signals. Each of the signals evolves into its corresponding loss-free propagating adiabaton. Please note that the formed adiabatons do not overlap and that they preserve the distinct "character" of the Fig. 1 ).
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All length and time scales for EIT pulses depend explicitly on y, whereas the physics of adiabatons is independent of y or detuning. However, although the phenomena are distinct, the laser frequencies and atomic media used for EIT experiments should also be compatible with adiabaton experiments. It is simply necessary that two-pulse experiments be designed for the case in which the two Rabi frequencies are of comparable strength (&, = &b) such that reshaping effects become important, an accessible regime but not studied to date. Finally, regarding our proposed optical tests, it is important to recognize that damping processes more general than contained in (2) will actually be present. Therefore, we have checked how our predictions are altered by the inclusion of additional loss mechanisms, such as radiative decay and collisional dephasing of f and h, as well as g. This is possible only by going to a density matrix formalism, and we have done this. In the case radiative decay is included we found that even in cases where the lifetime is as short as the pulse duration, the propagating pulses were almost unaffected. A larger influence on the results could occur due to collisional influences on f and h, if the dipole relaxation times were comparable to the temporal pulse width, but such relaxation times are typically much longer.
To summarize, we have discovered novel two-pulse coupled nonlinear wave equations that are exactly integrable.
The solutions, so called "adiabatons, " are generated from initially nonideal pulses after a characteristic propagation distance. Adiabatons have the highly unusual property for shape-invariant pulses that, depending only on the input fields at the entry surface of the medium, they can take ar bitrary shapes. It appears that these novel nonlinear excitations may be detectable in optical two-color experiments.
